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THE LIFTING OF ELLIPTIC MODULAR FORMS
TO HILBERT MODULAR FORMS




Let K be a totally real number ﬁeld of degree l and discriminant q which is
a cyclic extension of Q and satisﬁes certain conditions and GK the full Hilbert
modular group over K . We denote by SkðGKÞ the space of Hilbert cusp forms
of weight k with respect to GK . Put SkðSL2ðZÞÞ ¼ SkðGQÞ. Furthemore, we set
Sk ¼ SkðSL2ðZÞÞlw SkðG0ðqÞ; wÞ, where w is the non-trivial primitive characters
attached to K and SkðG0ðqÞ; wÞ is the space of all cusp forms of weight k, level q
and character w.
Applying Selberg-Eichler trace formula, Saito [4] proved the existence of a
linear mapping Ck of Sk to SkðGKÞ satisfying the following conditions:
Ckð f Þ is a Hecke eigen form for every primitive form f in Sk and the
Fourier coe‰cient Cf ðPÞ of Ckð f Þ at any prime ideal P is determined by those
of f at prime p satisfying Pjp.
The ﬁrst purpose of this note is to express explicitly the Fourier coe‰cients
of Ckð f Þ in terms of those of f for an arbitrary f in Sk. Kohnen [2] had proved
such relations of Fourier coe‰cients in the case of Ikeda lifting of Siegel modular
forms of even degree.
Our second purpose is to determine a relation between the Petersson norm
hCkð f Þ;Ckð f Þi and that h f ; f i of f . Such relations of another liftings of
modular forms were discussed by several authors [1], [3] and [10] in the case
where the lifts are constructed by kernel functions. Our proof is based only on a
relation between the Rankin’s convolution of L-functions and the Petersson inner
products and the results in [8]. Next we explain contents of each section in precise
form.
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Section 0 is a preliminary section. In Section 1, we shall express explicitly
the Fourier coe‰cients Cf ðAÞ of Ckð f Þ at any ideal A in terms of those of f
for every f in Sk. From this we may reformulate the lifting in terms of linear
relations among Fourier coe‰cients of modular forms.
In Section 2, using the Rankin method of Dirichlet series, we shall deduce
that the ratio
hCkð f Þ;Ckð f Þi
h f ; f i
of Petersson norms is equal to the critical value
of product of certain zeta functions attached to f at s ¼ k for every eigen form
f A Sk. As a corollary of it, using a theorem in Strum [9], we may deduce that the
ratio
hCkð f Þ;Ckð f Þi
h f ; f i l
is an algebraic number for f A SkðSL2ðZÞÞ and l0 2.
We mention that Zagier [10] proved the algebraicity properties of the
Petersson norms in the case where l ¼ 2 and f A SkðG0ðqÞ; wÞ:
§ 0 Notation and Preliminaries
We denote by Z, Q, R and C the ring of rational integers, the rational
number ﬁeld, the real number ﬁeld and the complex number ﬁeld, respectively.
For an associative commutative ring R with identity element we denote by
Mm;nðRÞ the set of m n matrices entries in R. We set MnðRÞ ¼ Mn;nðRÞ and
Rn ¼ M1;nðRÞ. Put SLnðRÞ ¼ fg AMnðRÞ j det g ¼ 1g and GLnðRÞ ¼ fg AMnðRÞ j
det g A Rg, where R denotes the group of all invertible elements of R. Let
H ¼ fz A C j =ðzÞ > 0g be the complex upper half plane.
§ 1 The Lifting of Modular Forms to Hilbert Modular Forms
For a totally real number ﬁeld K of degree l, we denote by OK , d, dF , E the
ring of integers, the di¤erent, the discriminant and the unit group, respectively.
We consider the set of the isomorphims ti ð1e ie lÞ of K into R. For a A K ,
we put aðiÞ ¼ tiðaÞ ð1e ie lÞ. Introduce a Hilbert modular group GK deﬁned by




a; d A oK ; b A d1; c A d; det g A Eþ
 
;
where Eþ ¼ fe A E j eðiÞ > 0 ð1e ie lÞg. The group GK acts on H l by
z ¼ ðz1; . . . ; zlÞ A H l ! gðzÞ ¼ a
ð1Þz1 þ bð1Þ
cð1Þz1 þ d ð1Þ ; . . . ;
aðlÞzl þ bðlÞ




for every g ¼ a b
c d
 
A GK . For a positive integer k, let SkðGKÞ be the space




2pitrlz of weight k with








z ¼ ðz1; . . . ; zlÞ A H l , where tr lz ¼ lð1Þz1 þ    lðlÞzl . Here we impose the fol-
lowing conditions on K :
l ¼ ½K : Q is prime; the class number of K is one; K is að1-1Þ
tamely ramiﬁed cyclic extenstion of Q and ½E;Eþ ¼ 2 l :
From those conditions we see that the conductor of K=Q is equal to a prime q.
Furthermore we assume that
ðl; qÞ ¼ 1:ð1-2Þ
By those assumptions, every form FðzÞ of SkðGKÞ has the following Fourier
expansion







where A runs over all integral ideals of K . We call CðAÞ the Fourier coe¤cient of
F at A. For two F ;G A SkðGKÞ, we deﬁne the Petersson inner product hF ;Gi by









where z¼ ðz1; . . . ; zlÞ A H l , zi ¼ xðiÞ þ
ﬃﬃﬃﬃﬃﬃ1p yðiÞ ð1e ie lÞ and dz¼ Q li¼1 dxðiÞdyðiÞðyðiÞÞ2 .
For a positive integer M, put




c1 0 ðmod MÞ
 
:
Let c be a Dirichlet character modulo M. For a positive integer k, we denote
by SkðG0ðMÞ;cÞ the set of all cusp forms f ðzÞ ¼
Py
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For two f ; g A SkðG0ðMÞ;cÞ, we deﬁne the Petersson inner product h f ; gi by




where z A H, z ¼ xþ ﬃﬃﬃﬃﬃﬃ1p y and dz ¼ dxdy
y2
. Applying twisted trace formula, Saito
[4, Theorem 3] proved the following theorem.
Theorem 1.1. Let k be an even integer such that k > 3 and w a primitive
character modulo q attached to the abelian extension K of Q. Then, there exist
normalized Hecke eigen forms F1; . . . ;Fd (resp. F
0
1; . . . ;F
0
d 0 ) in SkðGKÞ for a basis
of consisting of normalized eigen form f1; . . . ; fd (resp. f
0
1 ; . . . ; f
0
d 0 ) in SkðSL2ðZÞÞ




ciðnÞe2pinz ð1e ie dÞð1-3Þ
resp: f 0i ðzÞ ¼
Xy
n¼1
c 0i ðnÞe2pinz ð1e ie d 0Þ
 !
are a basis of SkðSL2ðZÞÞ (resp. SkðG0ðqÞ; wÞ) and the Fourier coe‰cient of Fi
(resp. F 0i ) at every P ððP; qÞ ¼ 1Þ is given by
CiðPÞ ¼ ciðpÞ if NðPÞ ¼ p for some prime p;
ciðplÞ  pk1ciðpl=p2Þ if NðPÞ ¼ pl for some prime p:

ð1-4Þ
resp: C 0i ðPÞ ¼
c 0i ðpÞ if NðPÞ ¼ p for some prime p;
c 0i ðplÞ  wðpÞpk1c 0i ðpl=p2Þ if NðPÞ ¼ pl for some prime p:
 
Remark. This theorem is a part of Saito [4, Theorem 3]. In fact, he showed
that F1; . . . ;Fd are linearly independent (resp. F
0
1; . . . ;Fd 0 generate a vector space
of dimension 12 d
0) and characterized the subspace of SkðGKÞ generated by
Ckð fiÞ ð1e ie dÞ and Ckð f 0i Þ ð1e ie d 0Þ as the space of SkðGKÞ generated
by eigen forms which are invariant under the action of GalðK=QÞ, where
f 0i ð1e ie d 0Þ are all primitive forms in 0w SkðG0ðqÞ; wÞ, w runs over all
primitive characters of the conductor q associated with the abelian extension
K of Q and Ck : SkðSL2ðZÞÞlw SkðG0ðqÞ; wÞ ! SkðGKÞ is a linear mapping
given by Fi ¼ Ckð fiÞ and F 0j ¼ Ckð f 0j Þ ð1e ie d; 1e je d 0Þ. Let fwigli¼1 be the
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Dirichlet characters modulo q determined by the cyclic extension K over Q,












CiðAÞNðAÞs ð1e ie dÞ:
Put
Lðs; f 0i Þ ¼
Xy
n¼1
c 0i ðnÞns; Lðs; ð f 0i ÞrÞ ¼
Xy
n¼1








i ðAÞNðAÞs ð1e ie d 0Þ. Then the fol-
lowing proposition is given in [5].
Proposition 1.2. Under the same notation in Theorem 1.1, let B be the
prime ideal in K such that Bjq. Then
CiðBÞ ¼ ciðqÞ; Lðs;FiÞ ¼
Yl
h¼1
Lðs; fi; whÞ ð1e ie dÞ;ð1-6Þ
C 0i ðBÞ ¼ c 0i ðqÞ þ c 0i ðqÞð1-7Þ
and
Lðs;F 0i Þ ¼ Lðs; f 0i ÞLðs; ð f 0i ÞrÞ
Y
w 0 AXK ;w 0 1;w 0 w
Lðs; fi; w 0Þ ð1e ie d 0Þ;





For any integral ideal A and positive integer d such that d jNðAÞ, a function
fkðd;AÞ (resp. f 0kðd;AÞ) is determined by the relations:
If A ¼ A1A2 ððA1;A2Þ ¼ 1Þ; d ¼ d1d2 ðd1 jNðA1Þ; d2 jNðA2ÞÞ; thenð1-8Þ
fkðd1d2;AÞ ¼ fkðd1;AÞfkðd2;AÞ ðresp: f 0kðd1d2;AÞ ¼ f 0kðd1;AÞf 0kðd2;AÞÞ;
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If A ¼ Pl and NðPÞ ¼ pl for some prime ideal P and someð1-9Þ
prime p; then
fkðd;PlÞ ¼ f 0kðd;PlÞ and
fkðd;PlÞ ¼
ð1Þ id k1 if l0 2; d
p i
A S for some i A f0; 1g;
ð1Þ id k1 if l ¼ 2; d
p i
A S for some i A f0; 1g and d 20NðPlÞ;
1þð1Þl
2 d




with S ¼ fNðA 0Þ j an ideal A 0 such that A 0IPlg,
If A ¼ Pl and NðPÞ ¼ p for some prime ideal P and some prime p and
ðP; qÞ ¼ 1, then
fkðd;PlÞ ¼ f 0kðd;PlÞ and fkðd;PlÞ ¼




If A ¼ Pl and NðPÞ ¼ q, then fkðd;PlÞ ¼ 1 if d ¼ 1;
0 otherwise

and f 0kðd;PlÞ ¼
d k1. We may deduce the following theorem.
Theorem 1.3. Let f ðzÞ ¼Pyn¼1 cðnÞe2pinz be an element of SkðSL2ðZÞÞ (resp.














Proof. We assume that f ðzÞ is a normalized Hecke eigen form in
SkðSL2ðZÞÞ. We put
Lðs; f Þ ¼
Y
p




ðð1 ap pðk1Þ=2psÞð1 a1p pðk1Þ=2psÞÞ1
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and
Lðs;Ckð f ÞÞ ¼
Y
P




ðð1 aPNðPÞðk1Þ=2NðPÞsÞð1 a1P NðPÞðk1Þ=2NðPÞsÞÞ1:
The following is a key relation for our later arguments:
aP ¼
a lp or a
l
p if NðPÞ ¼ pl ;
ap or a
1
p if NðPÞ is prime:
(
ð1-12Þ




x x1 ¼ x
n þ xnþ2 þ    þ xn2 þ xn:










By our deﬁnition, we may check that
Cf ðPÞ ¼ pððk1Þ=2ÞlðYlðapÞ  Yl2ðapÞÞ ¼ NðPÞðk1Þ=2ðaP þ a1P Þ;ð1-14Þ
which yields (1-12). Similarly, from (1-11), we obtain
Cf ðPlÞ ¼ ðNðPÞðk1Þ=2ÞlYlðaPÞ:
If l is even, we have
YlðaPÞ ¼ Ylða lpÞ ¼
Xl=21
i¼0
ðalðl2iÞp þ a lðl2iÞp Þ þ 1:




ðYlðl2iÞðapÞ  Ylðl2iÞ2ðapÞÞ þ 1:ð1-15Þ
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We may also verify the case where NðPÞ is a prime. Next we assume that
f 0ðzÞ ¼Pyn¼1 c 0ðnÞe2pinz is a normalized Hecke eigen form in SkðG0ðqÞ; wÞ. We put
Lðs; f 0Þ ¼
Y
p
ð1 c 0ðpÞps þ wðpÞpk12sÞ1 andð1-16Þ
Lðs;Ckð f 0ÞÞ ¼
Y
P




ðð1 aPNðPÞðk1Þ=2NðPÞsÞð1 a1P NðPÞðk1Þ=2NðPÞsÞÞ1:
Furthermore, we deﬁne two complex numbers ap and bp by
ap þ bp ¼ ðpðk1Þ=2Þ1c 0ðpÞ and apbp ¼ wðpÞ if p0 q;
ap ¼ ðpðk1Þ=2Þ1c 0ðpÞ and bp ¼ ðpðk1Þ=2Þ1c 0ðpÞ if p ¼ q:
(
ð1-17Þ





p if NðPÞ ¼ pl ;
ap or bp if NðPÞ is prime:
(
ð1-18Þ
First we treat the case where NðPÞ ¼ pl . Deﬁne a Laurent polynomial Ynðx; yÞ
by




c 0ðpnÞ ¼ pððk1Þ=2ÞnYnðap; bpÞ:
From the deﬁnition, we have
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Cf 0 ðPÞ ¼ c 0ðplÞ  wðpÞpk1c 0ðpl2Þð1-20Þ
¼ pððk1Þ=2ÞlðYlðap; bpÞ  wðpÞYl2ðap; bpÞÞ:
Now we can check that
Ylðap; bpÞ ¼ a lp þ b lp þ apbpða l2p þ a l1p bp þ    þ b l2p Þ
¼ a lp þ b lp þ wðpÞYl2ðap; bpÞ:
Since Cf 0 ðPÞ ¼ NðPÞðk1Þ=2Y1ðaP; a1P Þ, we get our desired relation (1-18). We
see that
Cf 0 ðPlÞ ¼ ðNðPÞðk1Þ=2ÞlYlðaP; a1P Þð1-21Þ
¼ ðNðPÞðk1Þ=2Þlðða lpÞl þ ða lpÞl1b lp þ    þ ða lpÞðb lpÞl1 þ ðb lpÞlÞ:
If 2jl, then we have
YlðaP; a1P Þ ¼ Y1ða llp ; b llp Þ þ ðapbpÞ lY1ða lðl2Þp ; b lðl2Þp Þ þ ðapbpÞ2l








ðYlðl2iÞðap; bpÞ  Ylðl2iÞ2ðap; bpÞÞ þ 1:
If 2F l, we have
YlðaP; a1P Þ ¼
Xðl1Þ=2
i¼0




ðYlðl2iÞðap; bpÞ  Ylðl2iÞ2ðap; bpÞÞ:
Consequently, we may deduce




We may also verify the case where NðPÞ is a prime. This proves our assertion.
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§ 2 The Petersson Inner Product of the Lifting
Let f ðzÞ ¼Pyn¼1 cðnÞe2pinz be a normalized Hecke eigen form in SkðSL2ðZÞÞ.
Deﬁne the Dirichlet series Dðs; f ; w 0Þ by




ðð1 w 0ðpÞa2p pk1sÞð1 w 0ðpÞapbp pk1sÞð1 w 0ðpÞb2p pk1sÞÞ1




for every w 0 A XK , where Lð;cÞ means the Dirichlet series attached to a Dirichlet
character c and ap and bp are given by






ðð1 ap pðk1Þ=2psÞð1 bp pðk1Þ=2psÞÞ1:
Then the following theorem was proved by Shimura [6, Theorem 1 and 2].
Theorem 2.1. Set
Hðs; f ; w 0Þ ¼ p3s=2Gðs=2ÞGððsþ 1Þ=2ÞGððs k þ 2 l0Þ=2ÞDðs; f ; w 0Þ;
where l0 ¼ 0 if w
0ð1Þ ¼ 1;
1 if w 0ð1Þ ¼ 1:

Then, Hðs; f ; w 0Þ can be continued to a mer-
omorphic function on the whole s-plane, which is holomorphic except for possible
simple poles at s ¼ k and s ¼ k  1. Moreover, the following is equivalent:
Hðs; f ; w 0Þ has a simple pole at s ¼ k:ð2-2Þ
w 0 is a non-trivial character of order 2 andð
G0ðr2ÞnH
f gyk1 dxdy0 0;
where r is the conductor of w 0 and gðzÞ ¼Pyn¼1 w 0ðnÞcðnÞe2pinz.
This theorem is proved in a more general form in [6]. Put F ¼ Ckð f Þ for a






We see that ~Lðs;FÞ ¼ Dðs;Fr;FÞ, where Dðs;Fr;F Þ is the function given in [8,
p. 661]. By [7, Lemma 1], we have




ð1 aBaPNðPÞk1sÞð1 a1P aPNðPÞk1sÞ
 1
ð1 aPaP1NðPÞk1sÞð1 a1P aP1NðPÞk1sÞ
;








ðð1 aPNðPÞðk1Þ=2NðPÞsÞð1 a1P NðPÞðk1Þ=2NðPÞsÞ1:
We may derive the following.
Proposition 2.2. Under the above notation, for a normalized Hecke eignform
f A SkðSL2ðZÞÞ (resp. f 0 A SkðG0ðqÞ; wÞ), one has
~Lðs;FÞ ¼ zKðs k þ 1ÞzKð2s 2k þ 2Þ1
Y
w 0 AXK
Dðs; f ; w 0Þ:ð2-5Þ
 
















where f 0ðzÞ ¼Pyn¼1 c 0ðnÞe2pinz and Pyn¼1 c 0ðnÞns ¼ ð1 aqqðk1Þ=2qsÞ1 Q
p0qðð1 ap pðk1Þ=2psÞð1 bp pðk1Þ=2psÞÞ1.
Proof. Let f be a Hecke eigen form in SkðSL2ðZÞÞ. Then we see that the
Fourier coe‰cients of Ckð f Þ are all real number. Therefore aP ¼ aP for all prime
ideals P. We assume that NðPÞ ¼ pl . We see that
ðð1 a2PNðPÞk1sÞð1 a2P NðPÞk1sÞÞ1ð2-6Þ
¼ ðð1 ða2p pk1sÞ lÞð1 ða2p pk1sÞ lÞÞ1:
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Since fw 0ðpÞ j w 0 A XK ; w 00 1g ¼ fz j z l ¼ 1; z0 1g, the right hand side of (2-6) is
equal to Y
w 0 AXK
ðð1 w 0ðpÞa2p pk1sÞð1 w 0ðpÞa2p pk1sÞÞ1ð2-7Þ
¼ zKðs k þ 1Þ1p
Y
w 0 AXK
Dpðs; f ; w 0Þ;
where Dpðs; f ; w 0Þ and zKðs k þ 1Þp are p-factors of Dðs; f ; w 0Þ and zKðs k þ 1Þ,
respectively. Next consider the case where p ¼ P1   Pl . Then
ðð1 a2PiNðPiÞ
k1sÞð1 a2Pi NðPiÞ
k1sÞÞ1 ¼ ðð1 a2p pk1sÞð1 a2p pk1sÞÞ1:









ðð1 w 0ðpÞa2p pk1sÞð1 w 0ðpÞa2p pk1sÞÞ1
¼ zKðs k þ 1Þ1p
Y
w 0 AXK
Dpðs; f ; w 0Þ:
Thus we conclude the proof in this case. We can also treat the case where
f A SkðG0ðqÞ; wÞ in the same manner. So we check only the case where q ¼ P l .




ð1 aPaPNðPÞk1sÞð1 a1P aPNðPÞk1sÞ
 1
ð1 aPaP1NðPÞk1sÞð1 a1P aP1NðPÞk1sÞ




ð1 w 0ðqÞjaqj2qk1sÞð1 w 0ðqÞa1q aqqk1sÞ
 1ð1 w 0ðqÞaqaq1qk1sÞð1 w 0ðqÞjaqj2qk1sÞ
:
This proves our assertion.
We may deduce the following theorem.
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Theorem 2.3. Suppose that f ¼Pyn¼1 cðnÞe2pinz be a normalized Hecke eigen
form in SkðSL2ðZÞÞ (resp. SkðG0ðqÞ; wÞ). Then
hCkð f Þ;Ckð f Þi ¼ ðð4pÞkðk  1Þ!Þ l1jdF j1=2½Eþ : E2h f ; f ið2-9Þ

Y
w 0 AXK ;w 0 1
Dðk; f ; w 0ÞLð2; w 0Þ1:
ðresp: ¼ 21lðð4pÞkðk  1Þ!Þ l1½Eþ : E2R1K h f ; f izKð2Þ1 ~Dðk; f ÞÞ;
where E2 ¼ fe2je A Eg,














and RK is the regulator of K.
Proof. Let f be a normalized Hecke eigen form of SkðSL2ðZÞÞ. By [6,
Theorem 2], we see that Dðs; f ; 1Þ is holomorphic at s ¼ k. Furthermore, by
[8, Proposition 4.13], the Dirichlet series
Py
n¼1 cðnÞ2ns has a simple pole at
s ¼ k. It follows from (2.1) that Dðk; f ; 1Þ is non vanishing. By virtue of [6,
Theorem 2], Dðs; f ; w 0Þ is holomorphic at s ¼ k in the case where l0 2. When
l ¼ 2, we assume that Dðs; f ; w 0Þ has a simple pole at s ¼ k. Then by Proposition
2.2, ~Lðs;F Þ has a pole of order 2 at s ¼ k. This contradicts the assertion in
[8, Proposition 4.13]. Therefore Dðs; f ; w 0Þ is holomorphic at s ¼ k. Using [8,
Proposition 4.13], we have
lim
s!k
ðs kÞ~Lðs;FÞ ¼ 2 l1ð4pÞklGðkÞlRK ½Eþ : E21hF ;Fi:
By Proposition 2.2, we obtain
lim
s!k
ðs kÞ~Lðs;F Þ ¼ lim
s!k
ðs kÞzKðs k þ 1ÞzKð2Þ1
Y
w 0 AXK




Dðk; f ; w 0Þ
¼ 2 l1RK jdj1=2zKð2Þ1
Y
w 0 AXK
Dðk; f ; w 0Þ:
Now by (2-2) and [8, Proposition 4.13], we have
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Dðk; f ; 1Þ ¼ lim
s!k











¼ zð2Þð4pÞkGðkÞ1h f ; f i:
Therefore we deduce
hF ;Fi ¼ ðð4pÞkðk  1Þ!Þ l1jdF j1=2½Eþ : E2h f ; f ið2-9Þ

Y
w 0 AXK ;w 0 1
Dðk; f ; w 0ÞLð2; w 0Þ1:
We obtain the proof of the case where f A SkðSL2ðZÞÞ. Similarly, we may derive
the proof of the case where f belongs to SkðG0ðqÞ; wÞ. This completes our proof.
By virtue of Strum [9, Theorem 1], we may deduce the following corollary.
Corollary. Let f be an element of SkðSL2ðZÞÞ. Then Dðs; f ; w 0Þ is non
vanishing at s ¼ k for every w 0 A XK  f1g. Moreover, the value of hCkð f Þ;Ckð f Þi 
h f ; f il is an algebraic number for l > 2.
Proof. By [9, Theorem 1], we have the value of pk2Dðk; f ; w 0Þh f ; f i1
is an algebraic number for w 0 A XK  f1g. On the other hand, the value of
Lð2; w 0Þp2 is an algebraic number for w 0 A XK  f1g. Therefore, by Theorem 2.3,
we obtain our assertion.
We mention that the author does not know whether Corollary is ture in the
case where l ¼ 2.
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